We present direct measurement of Kirkwood-Rihaczek (KR)distribution for spatial properties of coherent light beam in terms of position and momentum (angle) coordinates. We employ a two-local oscillator (LO) balanced heterodyne detection (BHD) to simultaneously extract distribution of transverse position and momentum of a light beam. The two-LO BHD could measure KR distribution for any complex wave field (including quantum mechanical wave function) without applying tomography methods (inverse Radon transformation). Transformation of KR distribution to Wigner, Glauber Sudarshan P-and Husimi or Q-distributions in spatial coordinates are illustrated through experimental data. The direct measurement of KR distribution could provide local information of wave field, which is suitable for studying particle properties of a quantum system. While Wigner function is suitable for studying wave properties such as interference, and hence provides nonlocal information of the wave field. The method developed here can be used for exploring spatial quantum state for quantum mapping and computing, optical phase space imaging for biomedical applications.
I. INTRODUCTION
Optical phase-space tomography [1, 2, 3, 4, 5, 6, 7, 8] is an optical method for characterizing spatial properties of light fields/photons. The Kirkwood (K(x,p)) [9] and Wigner (W(x,p)) [10] distribution functions were originally proposed in the studies of quantum statistics and thermodynamic for almost classical ensembles. The Kirkwood distribution (ψ(x)ψ * (p)e −ixp )has been rediscovered by Rihaczek [11] for use in the theory of timefrequency analysis of classical signals. The Wigner function is more popular than the KR function because it has some unique properties such as negative values, real and symmetry.
It can be obtained through tomograph methods and applicable to problems in phase space transport equation such as Liouville equation [12] . The Wigner function was first introduced in optical light field by Bastiaans [13, 14] to analysis spatial properties of an optical Gaussian beam. In quantum optics, the quantum mechanical wave function cannot be measured in principle. The wave function or quantum state of a physical system can be best
represented by the Wigner function. Vogel and Risken [15] had theoretically proposed how quadrature amplitudes of nonclassical light fields can be represented in Wigner distribution by tomograph methods. Raymer [16, 17, 18, 19, 20] has pioneered the tomography measurement of Wigner function for quadrature amplitudes of squeezed light, spatial properties and time-frequency properties of coherent light (coherent state with large mean photon number).
In most quantum information experiment, a single spatial mode of electromagnetic field is generally used and considered [21, 22] . Quantum fluctuations of light at different spatial points in the transverse plane of the light beam have to be taken into account. Kolobov and Sokolov [23, 24, 25, 26, 27] have studied in detail the possibility of local squeezing in a spatial mode of light beam. Multimode spatial modes would cause information processing and computing errors. The property of multimode squeezed light which allows us to increase the sensitivity beyond the shot-noise limit, could create many interesting new applications in optical imaging, high-precision optical measurements, optical communications and optical information processing. However, one has to employ a dense array of photodetectors to observe multimode squeezed states.
The phase space distributions from the Glauber Cahill s-parameterized class of quasi-distributions [28] that contain the Wigner function, the Glauber Sudarshan Prepresentation [29] , and the Husimi [30] or the Q-representation, have been widely used as powerful phase space tools. However, most of tomograph methods are not involving direct measurement of these quasi-quantum distribution functions. These distributions are usually reconstructed from the raw data, where numerical and mathematical transformation discrepancies may have made these distributions doubtfully representing the true states.
The direct measurement of these distributions are desirable to represent the true quantum state. It is well understood that tomograph methods developed for these distributions can be used for any complex wave fields regardless of classical or quantum origin [17, 31] . In this perspective, we use wave field to represent quantum mechanical wave function and coherent light field.
The KR distribution for any quantum state in a generalized form has been introduced [33] .
The hydrogen atom has been investigated using the Kirkwood−Rihaczek phase space representation [32] . It has been pointed out that the KR distribution may not suitable for a [34, 35] , negative parts of phase-space plots [36] , and the phase space sub-Planck structures of quantum interference [37, 38] . The KR is relatively unexplored for quantum fields.
Spatial coherence of light sources is necessary for achieving efficient coupling into fiber systems for quantum communication, and also for biomedical imaging in image-guide intervention [39] . From a quantum-mechanical perspective, spatial degree of freedom of a photon is another optical quantum realization for encoding information such as spatial qubits [21] .
Full characterization of arbitrary, continuous spatial states of photons is important for understanding the concept of the photon wave function [31] . Wigner function for an ensemble of identically prepared photons in the transverse spatial modes can be completely used to characterize the transverse spatial state of the ensemble. The KR distributions are relatively unexplored for spatial properties of wave fields. In the second quantization of quantum mechanics, electric field is written as operator in term of harmonic oscillator basis, that is, position and momentum operators. The spatial property of the electric field perpendicular to the propagation direction is described by mode functions. The mode function in x or p coordinate is a description of probability amplitude to find a photon at transverse position x or transverse momentum p, respectively. The field operatorâ(x) corresponding to the mode function will provide mean field â(x) and quantum noise △â(x) in an optical detection scheme. In this work, distribution of x and p of a coherent wave field is measured by using a two-LO balanced heterodyne detection. Mean value measurement of the wave field â(x) at a configuration space will provide classical-like feature regardless the origin (classical or quantum light) of the measured field. Variance measurement of the wave field △â(x)
will provide quantum feature of the light field. For coherent state with low mean photon number or large mean photon number, the variance for the quantum noise of wave field is constant [40] , that is, position or momentum independence. Therefore, the measurement 
II. CHARACTERISTIC FUNCTION APPROACH
In this section, the characteristic function method will be used to transform the characteristic function of KR distribution to Wigner, P-and Q-distributions. The characteristic functions in term of harmonic oscillator basis will be used through out this paper because it is more revelent to spatial properties of coherent wave fields. Since we directly measure the complex conjugated of KR distribution, we will discuss how the measured results can be used to obtain Wigner, P-and Q-distributions. We start with the characteristic function for the complex conjugated of the KR distribution in term of coherent state representation, as given by,
where (β, β * ) are the Fourier conjugate pairs for (α, α * )the eigenvalues ofâ andâ * , respectively. The interesting feature of this characteristic function in the Fourier plane
is the trace of displacement operatorD(β) followed by squeezing operator S(1/2). The absolute of |β 2 −β * 2 |/4 just to avoid the confusion of other forms of definition that are, β → iβ and β * → −iβ * . The complex conjugated of KR distribution in the (α, α * ) plane can be obtained through,
The K * (α, α * ) can be transformed to Wigner, P-and Q-distributions in term of (α, α * )
through the relationships of the characteristic functions, such that,
where,
The characteristic function for Wigner function is given by,
The P-and Q-representations are related to the characteristic function of Wigner function through normal ordering and anti-normal ordering of (â,â * ).
In our experiment, we measure spatial properties of a wave field in term of position and momentum coordinates (x,p). The K * (x, p) can be obtained from Eq.
(1) and Eq. (2) using the variables,â
Then, the following terms,
are obtained. The K * (x, p) can be written as,
By using the identity dx|x x| =1 andρ = |ψ ψ|, we obtain,
By changing the variable ξ = x + τ , dξ = dτ , we obtain,
which is the complex conjugated of KR distribution. In order to write the characteristic functions of Wigner, P-and Q-distributions in term of spatial properties of coherent light beam such as beam waist σ, position and momentum coordinates (x,p), we use the variables,
so that the characteristic functions for KR, Wigner, P-and Q-distributions are related to each other as given by,
and,
Since our experiment measures the K * (x, p), its characteristic function is obtained through transformation as given,
Then, the Wigner function is obtained through,
or in the simplifying form as in the
Similarly, the P-and Q-distributions can be obtained through,
respectively.
The similarity of KR and Wigner function is when they are integrated over momentum/position, the two functions will provide the same result for the probability in position/momentum i.e.
It should be noted that because of the uncertainty principle, neither function has a physical meaning until it is integrated over either momentum space or configuration space.
III. EXPERIMENT DETAILS
Since tomography methods developed for spatial properties of photon wave function can be applied to classical field (coherent state with large mean photon number), we use electric field notation E(x) to represent the wave field ψ(x) in the following Sections. We use a balanced heterodyne detection scheme as shown in Fig. 1 . The beat amplitude V B is determined by the spatial overlap of the local oscillator (LO) and signal (S) fields in the plane of the detector at Z = Z D as,
where x ′ denotes the transverse position in the detector plane. When the LO beam is moved by a distance d x , the V B becomes,
The fields in the detector plane are related to the fields in the source planes (z = 0) of lenses L1 and L2, which have equal focal lengths f = 6 cm. The LO and signal fields at z = 0 after the lenses, L1 and L2, are given by
When the lens L2 is scanned by a distance d p , the signal field (20) is altered as
The fields propagating a distance d = f to the planes of the detectors can be obtained by using Fresnel's diffraction integrals as,
By substituting the above equations into Eq. (19), the quadratic phases in x ′ cancel and the quadratic phases that depend on x 2 1,2 cancel in these expressions because the detector plane is in the focal plane of the lenses, L1 and L2. One obtains
Integrating over x 1 and by replacing x 2 by x and dropping the term z = 0, the mean square beat amplitude is then given by
This can be rewritten using the variable transformations
where the Jacobian of this transformation is 1. Then, by using the definition of the Wigner distribution,
and its inverse transform is given by,
the beat signal in Eq. (23) becomes
Since the Wigner distribution of the LO field is
then the LO fields in Eq. (26) can be replaced by the Wigner function in Eq. (27) . Finally, the mean square heterodyne beat signal |V B | 2 can now be written as
where W S (x, p) is the Wigner distribution of the signal field in the plane of L2 (z =0) and
is the LO Wigner distribution in the plane of L1 (z = 0). We include a detail description of two-window heterodyne measurement of KR distribution as shown in Fig. 2 .
The variables d x and d p respectively indicate the positions of a mirror M1 and a lens L2 as in Fig. 2 . Eq. (28) shows that the mean-square beat signal yields a phase-space contour plot of W S (x, p) with phase space resolution determined by W LO (x, p). By using a two-LO heterodyne detection scheme as discussed below, the
To obtain independent control of the x and p resolution in heterodyne measurement, we employ a slowly varying LO field containing a focused and a collimated field with a well defined relative phase θ
Here a is chosen to be small compared with the distance scales of interest and 1/A is chosen to be small compared with the momentum scales of interest in the signal field. The schematic picture of the overlapping of the LO beam with the spatial width a and another LO beam with the spatial width A is shown in Fig. 3 . One can see that the overlapping area is determined by the position and momentum resolutions for the LO fields in Eq. (29) .
The focussed LO gaussian beam extracts the position information of the signal field and 
where the last form assumes that the range of the momentum and position integration in relation (28) length f = 6 cm) by a distance d p .
In the experiments, as illustrated in Fig. 2 , the LO beam is obtained by combination of two fields that differ in frequency by 5 kHz, so that θ =(2π × 5kHz)t. Lens L3 focuses beam LO1 to a waist of width a, and lenses L4 and L5 expand beam LO2 to width A. We combine these two components at beam splitter BS3 to obtain an LO field of the form given in Eq. (29) . We monitor one output of the beam splitter with detector D 3 to phase lock 
where the W LO (x, p) in Eq. (30) = −kd p /f is the center momentum. The S R and S I components are related to heterodyne beat signal of E * LO1 E S and E * LO2 E S or intensity correlation of E * LO1 E S and E * LO2 E S . In the balanced heterodyne detection, the output voltage V B (t)=V 1 (t) − V 2 (t) before being fed into the spectrum analyzer is given by,
In spectrum analyzer, the power spectrum of the V B is measured as
As mentioned previously, it is squared by using a squarer to recover the beat signal |V B (Ω)| 2 .
From Eq. (33), the power spectrum can be calculated by keeping the slowly varying term
(Ω LO1 − Ω LO2 ) in time t and other terms that depend on τ , that is,
+ (: the negative frequency contributions from the above terms:)
Here, Ω S =120 MHz, Ω LO1 =110 MHz + 5 kHz and Ω LO2 =110 MHz. Now, by substituting Eq. (34) into Eq. (33) to obtain the power spectrum for the beat V B and setting the analyzer at 10 MHz with the bandwidth of 100 kHz, the |V • (t)| 2 at 5 kHz after the recovery by the squarer is
Here Ω LO1 − Ω LO2 = 5 kHz. The in-phase and out-of-phase components of the |V • (t)| As the position of mirror M1 is scanned a distance d x , the optical path lengths of the LO fields change. For the current experiments, the HeNe laser is a source, the change in path lengths is small compared with the Rayleigh length and the coherence length of the beams, so translating M1 simply changes the center position of the LO fields.
IV. RESULTS
A. Measurement of an Optical Gaussian beam
Gaussian Beam
As an initial demonstration of the capability of this system, we measure the K * (x, p) function for an ordinary gaussian beam. A one dimensional wave field for an Gaussian beam of T EM 00 and radii of curvature, R, is given by,
where the x is the transverse position and σ is the waist of signal beam. The Fourier
The complex conjugated KR distribution for this wave field can be written as,
The characteristic function, M KR (x, p), is obtained from Eq. (11), where the characteristic function for Wigner function for this wave field is given by,
Then, the Wigner, P-and Q-distributions are obtained from Eq. (14), Eq. (16) and Eq. (17),
respectively. The Wigner function for the wave field is given by,
The P-and Q-distributions for the wave field are given in the integral form as,
For simplicity, the signal Gaussian beam is shaped by a telescope so that its waist coincides with input plane L2 of the heterodyne imaging system. For a gaussian beam at its waist, R = ∞, Eq. (38) gives the complex conjugated KR distribution as,
where
), and σ=0.85 mm is the 1/e-intensity width. The Position (momentum) distributions of this field can be obtained through the summation of momentum (position) coordinate of real and the imaginary parts of the measured K * (x, p).
The position and momentum distributions are shown in Fig. 5 and Fig. 6 , respectively. The imaginary part of position and momentum distribution are around zero as theoretically predicted by K * (x, p)dp = |E(x)| 2 and Eq. (14) or Eq. (15) as shown in Fig. 7(a) . We χ 2 fit the width of the measured in-phase signal in position for p = 0 to obtain a spatial width σ =0.87 mm, whereas the corresponding momentum distribution for x = 0 yields σ =0.83 mm.
The characteristic function M KR (x ′ , p ′ ) is obtained by using numerical integration of the measured K * (x.p) as in Eq. (13). The P-and Q-distributions for this signal gaussian beam are then obtained through the Eq. (16) and Eq. (17), as shown in Fig. 7(b) and Fig. 7 (c) , respectively. The P-distribution has a narrower peak in phase-space compared to other distributions. This is predicted for the signal beam with R = ∞ in P-distribution of Eq. (41), which we should have δ(x)δ(p) in phase-space. The Q-distribution has a broad peak in phase-space compared to other distributions. The Q-distribution for this signal beam can be evaluated from Eq. (41) with R = ∞, as given by,
The position width of the Q-distribution at p=0 is about √ 2 larger than the position width of Wigner distribution at p=0 as from Eq. (40) . Hence, the beam waist for the signal beam obtained from the Q-distribution is √ 2 larger than the exact value.
Measurement of superposition of two slightly displaced coherent beams
As a fundamental feature in the process of quantum measurement, we cannot observe physical properties of a quantum objects directly because the overall backaction of any observation cannot be made less than Planck's constant h. Instead, we observe the wave or the particle aspects of the physical objects. The K * (x, p) distribution for a coherent field is more likely representing particle picture of the field because it contains local information of i.e., zero(nonzero) field is corresponding to zero(nonzero) K * (x, p) phase-space distribution. This locality property exhibits particle picture if an atomic wave function/single photon function is used. The position and momentum distributions are then retrieved K * (x, p)dp and K * (x, p)dx as shown in Fig. 10 and Fig. 11 , respectively. The momentum distribution contains the interference features of two spatially separated wave packets of E S (x) as shown in Fig. 11 . The imaginary part of these distributions are around zero as expected.
The Wigner function as shown in Fig. 12 is reconstructed by using the linear transforma- From the obtained Wigner function, one can obtain the position and momentum distribution of the E s (x) by using the formulas
W S (x, p) dp as shown in Fig. 13 (b) and (d) respectively. The resolution of these plots is better than Fig. 10 and Fig. 11 because we numerically generate more data points from the reconstructed Wigner function. The measurements are in agreement with the theoretical predictions as shown in Fig. 13 (a) and (c) respectively.
As discussed before, we first obtain the characteristic function M KR (x ′ , p ′ ) and then the P-and Q-distributions for this signal field. These distributions are plotted in Fig. 14 (a) and (b), respectively. The Q-distribution exhibits the broadening or low resolution of phasespace features compared to Wigner function. While the P-distribution is not a well behaved function for this field as it is expected for P-distribution.
V. DISCUSSION AND CONCLUSIONS
Spatial properties of photon wave mechanics approach [31] for a single photon have been studied in detail. The approach can be applied to both single photon state and coherent field. As a consequence, the coherent field is the best testing ground for developing tomography method for quantum information processing. In the similar efforts, coherent fields have played an important role in quantum communication and computing such as search algorithm [44, 45, 46, 47] and factorization of numbers [48] . Optical wave mechanics implementations [49, 50] approach for two-and multi-photon spatial qubits haven't been relatively explored. The two-LO technique developed in this paper will provide another tomography tools to explore spatial qubits because it could provide the particle picture through KR distribution and wave picture through Wigner distribution.
We would like to discuss KR and Wigner distribution separately because the particle and wave picture of wave field can provide independent useful information for quantum and coherent information processing including biomedical imaging [39] .
Particle picture or local information of a wave field represented by KR distribution has advantages in positioning or angle (momentum) resolving to extract local activities of an target. The method can directly locate the field or structure of an object without applying any raw data transformation. This will be particularly useful in cell tissue characterization such as prostate cancer cell detection. The KR distribution can be used to study GoosHanchen (GH) shifts [51] occur in near field optics and photonic waveguide. GH shifts in position and momentum can be used to identify the loss due to photonic crystal waveguide fabrication. We also show that an interesting analogy exists between our choice of LO field and that employed in the quantum-teleportation experiment [52] . In the x-p representation, the small and the large beams of our two-LO can be viewed as superposition of the position (in-phase) and the momentum (out-of-phase) squeezed fields. A E(x) spatial gaussian field of T EM 00 is the lowest mode and is similar to a coherent state in phase-space picture. Gaussian beams of smaller (larger) size than the lowest mode correspond to position (momentum) squeezed states. The two-LO technique here can only be used if we know the nominal size of the signal beam. The focussed and collimated LO beams must be chosen to achieve sufficient x− and p− resolution for the given signal beam. These are the similar problems encountered in our experiments and in the quantum teleportation experiments which teleport an arbitrary state as a Wigner function via EPR beams [52] .
In a complex multi-particle system or large N-biological system, we believe KR and
Wigner distributions are very useful to study the local and nonlocal information of a macroscopic wave field such as the mechanisms of decoherence due to neighbor particles, quantum mapping of N-particle system or semiclassical system, and macroscopic entanglement between two macroscopic mirrors.
In conclusion, we have demonstrated the direct measurement of KR distribution using two-LO balanced heterodyne detection technique. The characteristic function of KR is related to Wigner, P and Q-distributions. Then, the Wigner, P and Q-distribution are plotted by using raw data from the KR distribution. The physical properties of a wave field such as local and nonlocal phase space information are illustrated through KR and
Wigner functions, respectively. This two-LO technique can be used in information processing including quantum information for quantum mapping and optical imaging for biomedical applications.
